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Abstract 

We present the results of a one-loop calculation of the effect of a van der Waals type interaction potential ~ |x|~''~'^ 
on the critical Casimir force and specific heat of confined ^He near the superfluid transition. We consider a ''He film 
of thickness L. In the region L > ^ (correlation length) we find that the van der Waals interaction causes a leading 
non-universal non-scaling contribution of 0{^^L~'^~'^) to the critical temperature dependence of the Casimir force 
above Tx that dominates the universal scaling contribution ~ e~^^^ predicted by earlier theories. For the specific 
heat we find subleading non-scaling contributions of 0(L~^) and 0(L~''~'^). 
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In the last decade the critical Casimir effect in ^He 
films has been an interesting topic of theoretical [1,2,3] 
and experimental [4] research. On the basis of field- 
theoretic calculations for purely short-range interac- 
tion it was predicted that the critical temperature de- 
pendence of the Casimir force is governed by a univer- 
sal scaling function X{L/^) where L is the film thick- 
ness and i = ^ot"", t={T- Tx)/Tx, is the bulk cor- 
relation length. The universal behavior for large L/^ 
was predicted to be ~ e~^^^ . Here we investigate the 
question which finite-size effect arises from van der 
Waals type interactions. They do not change the lead- 
ing universal hulk critical behavior of the free energy 
and specific heat. The finite-size effects of these inter- 
actions were discussed in Refs. [1,2,3] where it was as- 
sumed that they yield only non-smgular (temperature- 
independent) contributions. Here we shall show that 
these interactions yield a leading singular non-scaling 
temperature dependence of the Casimir force that is 
non-universal and dominates the exponential scaling 
contribution above Tx for large L/^. We also present 
predictions for subleading non-scaling contributions to 
the critical specific heat of *He films above Tx that may 
be non-negligible in the analysis of experimental data. 



The present paper is a continuation of recent work 
where leading non-scaling cutoff and lattice effects 
[5,6,7,8] and non-scaling effects of van der Waals 
type interactions [8,9,10] have been found both for 
the finite-size susceptibility and for the bulk order- 
parameter correlation function. These effects were not 
taken into account in the previous theory [1,2,3] that 
was based on the usual tp"^ Hamiltonian in d dimensions 



a X 



(1) 



for the n component field v'(x)- Here the short-range 
interaction term (V(/j)'^ has the Fourier representation 
k <^k<^-k. In the following we assume the existence of 
an additional subleading long-range interaction term 
6|k|'^7Jk<(5-k with 2 < cr < 4 which corresponds to a van 
der Waals type spatial interaction potential f7(x) ~ 
^|-d-CT p^j. case of *He (n — 2) we shall consider 
film geometry with Dirichlet boundary conditions. 

We have performed a one- loop calculation of the crit- 
ical Casimir force F = Fs -\- Fns ■ For the singular part 
Fs we have found 
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where the last term ~ L"'' is the universal scaling part 
due to the short-range interaction. For ^ ^ L this 
scaling part is dominant. For large L/^, however, it 
becomes exponentially small, X{L/^) ^ er^^^ [1]. 

The non-universal non-scaling term ~ 6 due to the 
van der Waals type interaction reads for L/^ > 1 

B(L/C) = (d - 3 + a)^{Lli) - {L/0^'{L/0 , (3) 

OO 

*(L/0 = ^(27rr-' J dx(^l + x^^^{x), (4) 




where ^*iz,x) = a;"^ dte'* t"''^ / dte'* t^-^ 
is the incomplete Gamma function and 



^ OO 

^"2 E «-p(-p)- (6) 

^ 7l = -00 

The large L/C behavior is ^^L^^ Thus the 

leading critical temperature dependence Fs{^,L,b) ~ 
f^^2j^-d-a jg nonuniversal for L > ^ and dominates the 
exponentially small scaling part. 

Corresponding non-universal non-scaling effects ex- 
ist for the free energy [8] which implies a significant 
restriction for the range of validity of the universal 
Privman-Fisher scaling form [11,12]. 

Wo have also calculated the finite-size effect of the 
van der Waals interaction on the specific heat in one- 
loop order for L > ^ above Tx. The result reads 

C(5, L, b) = Cb +2C\urface [l + d)^'-"] 

+ AC + 2baoB{a,d)^'^L-^-'' (7) 

with ao = {ro — roc)/t where Cb, Csurface and AC = 
L°'^'^ g{L/(^) are the known bulk, surface and finite-size 
parts of the specific heat due to the short range inter- 
action [13]. For the relation between oo and see [14]. 
The amplitudes of the non-universal non-scaling terms 
~ b due to the van der Waals type interaction are 

A{a,d) = -r (^^) " j ds s^'-'-^^'^e-^Uis) (8) 



with 

~U{s) = \a{a - 2)7* (^^, -s^ + o^* -s) 



+ 7*(-l-|,-^) (9) 

and 

^(-,'^) = -|&^^{S|c(rf + a) (10) 

where is Riemann's zeta function. 

The next step of our theory will be to specify the 
nonuniversal strength b and the exponent cr of the van 
der Waals type interaction in '*He. Since these param- 
eters arc as yet unknown the range of applicability of 
the earlier predictions for the universal finite-size scal- 
ing functions of the Casimir force and of the specific 
heat above T\ is not yet established. 

Finally we note that our one-loop results ~ b were 
obtained by a calculation at the Gaussian level (with 
mq = 0, roc = and at infinite cutoff) where part of 
the non-Gaussian (higher-loop) effects were taken into 
account by the replacement ro — * C~^. It remains to 
be seen to what extent a full rcnormalization-group 
treatment with mq > at the two-loop level confirms 
this procedure.In this sense our predictions of the 
temperature dependence of the terms ~ 6 in Eqs. (2) 
and (7) should be considered only as preliminary. A 
full renormalization-group treatment will be given 
elsewhere. 
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